The aim of this paper is to introduce some groups containing all mapping class groups of a certain type (e.g. of all genus zero surfaces). Roughly speaking such a group is intended to be a discrete analogue of the diffeomorphisms group of the circle. One defines first an universal mapping class group B in genus zero and give an explicit (finite) presentation of it. The group B is a nontrivial extension of the Thompson group V by the inductive limit of pure mapping class groups of all genus zero surfaces. Furthermore we consider an universal mapping class group of infinite genus M which contains all mapping class groups of surfaces of genus g with n boundary components where g ≥ n. Then M is finitely presented and its rational homology is isomorphic to the stable homology of mapping class groups.
Introduction
The problem of considering all mapping class groups together has been considered first by Moore and Seiberg ([20] ), who worked with the somewhat imprecise duality groupoid, an essential ingredient in their definition of conformal field theories in dimension two. Rigorous proofs of their results were obtained first by K.Walker (unpublished), who worked out the axioms of a topological quantum field theory with corners in dimension three, and further were improved and given a definitive treatement in [1, 2, 9, 13] from quite different perspectives. The answer provided in these papers is a groupoid containing all mapping class groups and having a finite (explicit) presentation, in which generators come from surfaces with χ = −1 and relations from surfaces of χ = −2, illustrating the so-called Grothendieck principle. The extra structure one considers in the tower of mapping class groups (of surfaces with boundary) is the exterior multiplication law (inducing a monoidal category structure) coming from gluing together surfaces along boundary components. In some sense the duality groupoid is the smallest groupoid in which the tower of mapping class groups and the exterior multiplication law fit together.
Nevertheless this answer is not completely satisfactory. We would like to obtain a universal mapping class group, whose category of representations corresponds to the (groupoid) representations of the duality groupoid. This group would be a discrete analogue of the diffeomorphism group of the circle. This analogy suggested us to look for a connection between the Thompson group and the mapping class groups. We fulfilled this program in the genus zero situation and give a partial treatement for the full tower (of arbitrary genus) surfaces.
The first goal of this paper is to introduce a universal mapping class group of genus zero. Its defining properties are, first that it contains uniformly all mapping class groups of holed spheres and second, that it surjects on the Thompson group V . Definition 1.1. Set M(g, n) = M(Σ g,n ) for the extended mapping class group of the n-holed orientable surface of genus g, consisting of the isotopy classes of homeomorphisms of Σ g,n , where permutations of the boundary components are allowed. If S n stands for the permutation group on n elements we denote by K * (0, n) = ker(M(Σ 0,n ) → S n ) the pure mapping class group. This means that one considers only those homeomorphisms preserving a labeling of the boundary components.
In some sense, the stabilization for n going to ∞ of
gives rise to the exact sequence 1 → K * ∞ → B → V → 1, where V is Thompson's group (see [6] ), K * ∞ is the inductive limit n→∞ K * (0, 3.2 n ) and B is the universal mapping class group in genus zero. The inductive limit takes into account a suitable natural injection K * (0, 3.2 n ) ֒→ K * (0, 3.2 n+1 ) which will become obvious in the sequel.
• GT is the Grothendieck-Teichmüller group, a pro-finite analogue of the duality groupoid, as introduced by Drinfeld in [8] ,
• Out(T ) is the exterior automorphism group of the -various -towers of pro-finite completions of mapping class groups, one version of which consists of the genus zero surfaces, {M(0, n)} n≥3 and the gluing homomorphisms, another version consists of all surfaces.
It is known (see [17] ) that GT acts naturally and faithfully on the profinite groups M(0, n), respecting the (gluing surfaces) homomorphisms between these groups. In [19] the authors extended these results to higher genus. They introduce a certain subgroup Γ of GT, obtained by adding two new relations to the definition of GT, which still contains the image of the absolute Galois group Gal(Q/Q) in GT.
We will prove in a further paper that GT acts on a suitable completion B of the group B. This will contribute to the problem posed by Grothendieck in his Esquisse d'un programme (see [11] ) on the existence of a Teichmüller tower, built with the collection of groups M(g, n) related together by geometrically defined homomorphisms and such that the automorphism group of this tower is the group Gal(Q/Q).
The construction
The main step in obtaining the universal mapping class group B is to shift from the compact surfaces to an infinite surface and to consider those homeomorphisms having a nice behaviour at infinity.
2.1
The genus zero infinite surface Σ 0,∞ Definition 2.1. Consider the genus zero infinite surface Σ 0,∞ , built up as an inductive limit of finite subsurfaces S n , n ≥ 0: S 0 is a 3-holed sphere, and S n+1 is obtained from S n by gluing a copy of a 3-holed sphere along each boundary component of S n . The surface Σ 0,∞ is oriented and all homeomorphisms considered in the sequel will be orientation-preserving, unless the opposite is explicitly stated. Definition 2.2.
A pants decomposition of the surface S is a maximal collection of distinct nontrivial simple closed curves on S which are pairwise disjoint and non-isotopic, whose complementary regions (which are 3-holed spheres) are called pairs of pants.

2.
A rigid structure (see [9] ) on Σ 0,∞ consists of a pants decomposition together with a countable collection of disjoint lines drawn on Σ 0,∞ , whose traces on each pair of pants are made up of three connected components, called seams, joining the boundary circles to each other. One says that the pants decomposition is subordinate to the rigid structure.
3. By construction Σ 0,∞ is naturally equipped with a pants decomposition, which will be referred to in the following as the canonical (pants) decomposition. One chooses a rigid structure to which the canonical decomposition is subordinate (cf. figure 1) , and call it the canonical rigid structure. The complement in Σ 0,∞ of the union of seams of the canonical rigid structure has two components: we distinguish one of them as the visible side of Σ 0,∞ . 
4.
A pants decomposition (resp. rigid structure) is asymptotically trivial if outside a compact subsurface of Σ 0,∞ it coincides with the canonical pants decomposition (resp. canonical rigid structure).
The universal mapping class group B in genus zero
Definition 2.3.
1.
A compact subsurface Σ 0,n ⊂ Σ 0,∞ is admissible if its boundary is contained in the canonical decomposition. The level of a (non necessarily admissible) compact subsurface Σ 0,n ⊂ Σ 0,∞ is the number n of its boundary components.
Let ϕ be a homeomorphism of Σ 0,∞ . One says that ϕ is asymptotically rigid if the following conditions are fulfilled:
• There exists an admissible subsurface Σ 0,n ⊂ Σ 0,∞ such that ϕ(Σ 0,n ) is also admissible.
• The complement Σ 0,∞ − Σ 0,n is a union of n infinite surfaces. Then the restriction One denotes by B the group of asymptotically rigid homeomorphisms of Σ 0,∞ mod isotopy (through asymptotically rigid homeomorphisms) and call it the universal mapping class group in genus zero.
Remark 2.1. The circles of the canonical pants decomposition have two marked points, which correspond to the endpoints of the seams of the adjacent pants. We give them two opposite labels, or signs, say +1 and −1, in such a way that the two endpoints of a seam (lying on two different circles) have opposite signs. Saying that an asymptotically rigid homeomorphism maps the visible side into the visible side (outside a support) amounts to saying that it maps the seams into the seams, preserving the signs of their endpoints.
Remark 2.2. For any compact admissible subsurface Σ 0,n ⊂ Σ 0,∞ , we use the marked points of its boundary components to describe the extended mapping class group M(Σ 0,n ): the latter is the group of isotopy classes of homeomorphisms of Σ 0,n which permute the boundary components and the marked points, preserving their signs. The isotopies stabilize the circles and fix the marked points. There is an obvious injective morphism i * : M(Σ 0,n ) ֒→ B, obtained by extending rigidly a homeomorphism representing a mapping class of M(Σ 0,n ). Furthermore, if Σ 0,m and Σ 0,n are two admissible subsurfaces, we denote by M(Σ 0,m ) ∩ M(Σ 0,n ) the intersection in B of the natural images of M(Σ 0,m ) and M(Σ 0,n ), or equivalently the set of those mapping classes of M(Σ 0,m ∩ Σ 0,n ) which extend rigidly to both Σ 0,m and Σ 0,n . The
Figure 2: Diagram of embeddings into B of the various M(Σ 0,n ) compatibility of the embeddings of the various mapping class groups into B is summarized in figure 2 .
Remark 2.3. Denote by K * (Σ 0,n ) the pure mapping class group of an admissible subsurface Σ 0,n of level n. Notice that each inclusion Σ 0,m ⊂ Σ 0,n induces an injective embedding j m,n :
The collection {K * (Σ 0,n ), j m,n } is a direct system, and we denote by K * 0,∞ its direct limit. 3. Let R be the equivalence relation on the set of symbols generated by the following relations:
The group
where v is any leaf of T 0 , and
the class of a symbol (T 1 , T 0 , σ), and by V the set of equivalence classes for the relation R. Given two elements of V , we may represent them by two symbols of the form (T 1 , T 0 , σ) and (T 2 , T 1 , τ ) respectively, and define the product
This endows V with a group structure, with neutral element 
Proposition 2.4. We have the following exact sequence:
Moreover this extension splits over the Ptolemy-Thompson group
Proof. Let us define the projection B → V . Consider ϕ ∈ B and let Σ 0,n be a support for ϕ.
We introduce the symbol (λ(ϕ(Σ 0,n )), λ(Σ 0,n ), σ(ϕ)), where λ(Σ 0,n ) (resp. λ(ϕ(Σ 0,n ))) denotes the minimal finite binary subtree of T which contains λ(Σ 0,n ) (resp. λ(ϕ(Σ 0,n ))), and σ(ϕ) is the bijection induced by ϕ between the set of leaves of both trees. The image of ϕ in V is the class of this triple, and it is easy to check that this correspondence induces a well-defined morphism B → V . The kernel is the subgroup of isotopy classes of homeomorphisms inducing the identity outside a support, hence the direct limit of the pure mapping class groups. Denote by T the subgroup of B consisting of mapping classes represented by asymptotically rigid homeomorphisms which preserve the whole visible side of Σ 0,∞ . The image of T in V is the subgroup of elements represented by symbols (T 1 , T 0 , σ), where σ is a bijection which preserves the cyclic labeling of the leaves of the trees. Thus, the image of T is the Ptolemy-Thompson group T ⊂ V . Finally, the kernel of the epimorphism T → T is trivial. In the following, we shall identify T with T.
Universality of the group B
We will show below that B is, in some sense, the smallest group containing uniformly all genus zero mapping class groups. 
which is an asymptotically rigid homeomorphism class. Choose an admissible Σ ⊂ Σ 0,∞ , not necessarily invariant by x, such that Σ ⊂ Σ. There exists then (at least) one element λ ∈ T such that λ( x( Σ)) = Σ. In fact T acts transitively on arbitrary families of pairs of pants, hence on admissible surfaces of fixed topological type. In particular λ • x | Σ keeps Σ invariant.
for all x, Σ, Σ, λ as above. Here one supposes that Proof. Let x ∈ B. Assume that x has an invariant support Σ ⊂ Σ 0,∞ . We set then Proof. Let Σ ′ be another invariant support. Then Σ ∩ Σ ′ is admissible and also invariant by x. Let us show that the intersection is nonvoid. Assume the contrary. Then the connected component of Σ 0,∞ − Σ containing Σ ′ must be fixed, since Σ ′ is invariant and x can only permute the components among them. Then the restriction of x at this component should be the identity, in particular x | Σ ′ is identity. Since Σ ′ is an invariant support for x one obtains that x is the identity. Now Σ ∩ Σ ′ is also a support for x, because x is just permuting components in Σ − Σ
and thus the definition of the tower shows that
There are enough elements x ∈ B having invariant supports for generating the group B (e.g. the generators). Notice however that not all elements have invariant supports. One can define j(x) = j(x 1 )...j(x p ), where x = x 1 x 2 ...x p ∈ B and x 1 , x 2 , ..., x p have invariant supports.
One needs to show that this definition is coherent with the previous one, and it yields indeed a group homomorphism. For this purpose it suffices to show that, using the first definition, j(xy) = j(x)j(y) holds, when x, y and xy have invariant supports. Let Σ, Σ x , Σ y be the invariant supports and λ ∈ T such that λ(y(Σ)) = Σ. Then
This proves the claim.
A presentation for B
Let us consider now the elements of B described in the pictures 3 to 6. Specifically:
• t is a Dehn twist around the curve labeled 1, with support a neighborhood of the boundary curve in S 0 . It rotates the circle counterclockwise. The effect on the seams is shown on the picture.
• π is the braiding, acting as a braid in M(Σ 0,3 ). It rotates the circles 2 and 3 in the horizontal plane (spanned by the circles) counterclockwise. The support is S 0 . One has pictured also the images of the rigid structure. • β is the order 3 rotation in the vertical plane of the paper, thus moving cyclically the labels in counterclockwise direction. Its support is S 0 .
• α is the order 4 rotation in the vertical plane which moves cyclically the labels of the boundary circles counterclockwise. Its support is a 4-holed sphere consisting of S 0 (labeled 1 in the picture) union the pair of pants above S 0 (labeled 2). The last two homeomorphisms send seams into seams.
Remark 3.1. The support surfaces for this generators are fixed once for all. In particular the rotation of order 4 acting the same way as α but having a neighboring 4-holed sphere as support differs from α by conjugating with a nontrivial element of B. We shall explain in the next sextion that α and its conjugates realize the same kind of move in the duality or Ptolemy-Teichmüller groupoid, which might be designed by the same letter (A-move).
In the following, the notation g h for two elements g, h of a group will mean g −1 hg.
Theorem 3.2. The group B has the following presentation:
• Generators: t, π, β, and α.
• Relations. 
Relations at the level of the pair of pants:
(a) [t, t i ] = [t, π] = 1, i = 1, 2, where t 1 = βtβ −1 , t 2 = β −1 tβ.t 1 π = πt 2 , t 2 π = πt 1 . (c) π 2 = tt −1 1 t −1 2 . (d) β 3 = 1. (e) β = tπ β π (f ) βπβ 2 πβπβ 2 = πβπβ 2 π.
Relations coming from the triangle singularities.
(a) (βα) 5 = 1.
Relations coming from permutations.
(a) α 4 = 1.
Relations coming from commutativity. (a)
[π, α 2 πα 2 ] = 1. (b) [βtβ −1 , α 2 πα 2 ] = 1. (c) If t 3 = α 2 t 1 α 2 , t 4 = α 2 t 2 α 2 , then [t 1 , t 3 ] = 1, [t 2 , t 4 ] = 1, [t 2 , t 3 ] = 1. (d) [t 3 , π β t 3 π β −1 ] = 1. (e) [t 2 , π α 2 ] = [t 2 , π β ] = [t 3 , π β π α 2 π β −1 ] = 1. (f ) t 3 π α 2 = π α 2 t 4 , t 4 π α 2 = π α 2 t 3 . (g) [βαπ β , π α 2 ] = 1. (h) [π α 2 , (π β ) 2 ] = 1. (i) [π α 2 , π β π α 2 π β −1 ] = 1.
Consistency relations.
(
Lifts of relations in
As a corollary, we get a new presentation of Thompson's group V , with 3 generators and 11 relations, whereas the presentation in [6] has 4 generators and 14 relations. • Generators: π, β, and α.
• Relations.
1. π 2 = 1.
3. α 4 = 1.
4. π β π = β.
(βα)
Proof. The pure mapping class group K * ∞ is the normal subgroup of B generated by t and π 2 , and V ∼ = B/K * ∞ . Notice that relation 11 comes from 6. (b), after replacing ππ β by β 2 .
4 B versus the stable duality groupoid D s 0 in genus 0
We recall from [9, 20] the following:
. The duality groupoid D consists of the transformations of rigid structures (i.e. pairs of such rigid structures on a surface, up to the mapping class group action). The tensor structure ⊗ corresponds to the connected sum along boundary components.
A finite presentation has been obtained in [9] : 
23 F B
(1)
23 B
23 F , 4. relations coming from the symmetric groups:
relations involving annuli and disks: a)
Remark 4.2. We used the convention that superscripts tell us on which factors of the tensor product the move acts. Here the tensor structure is implicit. The pentagon relation 3.a) is corrected here since it was erroneously stated in [9] p.608 (see p.635).
Remark 4.3. The generators above have topological interpretations (see [9] ). There is not a fortuitous coincidence that the pictures describing the moves T 1 , R, B 23 , F in [9] are the same as those describing the action of t, β, π, α −1 , respectively. figure 7 ). Thus, the moves B and A leave unchanged the seams underlying the rigid structure.
• The relations between the moves are encoded in the convention that for any rigid structure r, the group of morphisms M or(r, r) must be trivial.
We denote by Rig(Σ 0,∞ ) the set of objects of D 
, where w ∈ B is w = w n . . . w 1 .
Proof. We first prove the last assertion. By definition of the generators α, β, π, t, we have indeed W 1 (r * ) = w 1 (r * ). But W 2 acts on W 1 (r * ) as the conjugate of w 2 by w 1 : W 2 (W 1 (r * )) = (w 1 w 2 w The group M being free, the anti-morphism W ∈ M → w ∈ B is well-defined. It is surjective, since the image contains the generators of the group B. Let W = W 1 . . . W n ∈ M be in the kernel of the anti-isomorphism: this means that w n . . . w 1 = 1 in B. We prove that W belongs to K: let r be any rigid structure, then there exists some
Clearly, K lies in the kernel of the anti-morphism, since if w ∈ B fixes a rigid structure, it must be trivial. Hence M/K is anti-isomorphic to B.
Remark 4.7. We note from the proof above that K coincides with the stabilizer of any rigid structure.
The Ptolemy-Teichmüller groupoid PT appears in [22] , [23] , [15] , [18] . We translate its definition in a language related to our framework: From Proposition 4.6, we may deduce that the group of moves of PT is anti-isomorphic to the subgroup of B generated by α and β: this is precisely the Ptolemy-Thompson group T ⊂ V , cf. Proposition 2.4. From the presentation of the group T , a presentation of the groupoid PT has been obtained in [18] : PT is presented by the generators A, B, and relations:
This means that if a sequence of A and B-moves starts and finishes at the same object, then the sequence is a product of conjugates of the sequences of the presentation. Equivalently, PtolemyThompson's group T is presented by α, β, and relations: The last assertion relies on the fact that in the Cayley graph of a group, there is an edge between two elements g 1 and g 2 if and only if g −1 1 g 2 is a generator of the group.
Proof for the presentation: using local moves
The method we develop here is the exact analogue of Hatcher-Thurston's approach for proving the finite presentability of the mapping class groups of compact surfaces ( [14] ). However, the HatcherThurston complex of the infinite surface Σ 0,∞ , even restricted to the asymptotically canonical pants decompositions, is still too large for providing a finite presentation of B. Instead, the B-complex we build ( §6.3, Definition 5.5), will use Hatcher-Thurston's complexes of compact holed-spheres with bounded levels only, together with simplicial complexes closely related to some complexes used by K. Brown in the study of finiteness properties of Thompson's group V (Brown-Stein's complexes of bases, cf. [5] ). By adding some cells to link both types of complexes and to kill some combinatorial loops, we shall obtain a simply-connected B-complex, with a finite number of cells modulo B. By a standard theorem ( [3] ), it will follow that B is finitely presented.
5.1 Hatcher-Thurston's complexes of the infinite surface. [14] , [13] ).
Remark 5.1. A pants decomposition is codified by a Morse function on the surface. Then the move A is the elementary non-trivial change induced by a small isotopy among smooth functions which crosses once transversally the discriminant locus made of functions in Cerf's stratification and it is therefore a local change in this respect too.
Remark 5.2. We should mention that a local move A involves unoriented circles, contrarily to the A-move in the Ptolemy-Teichmüller groupoid.
The complex HT (Σ 0,∞ ) is connected and simply connected. This results from [14] , [13] , by describing the complex as an inductive limit of the Hatcher-Thurston complexes HT (S) of the admissible free supports S ⊂ Σ 0,∞ , with respect to the various inclusions S ⊂ S ′ . Proof. It suffices to prove that each square cycle (DC) corresponding to two commuting moves supported on arbitrary far disjoint 4-holed spheres is a product of conjugates of square cycles of types (DC1) and (DC2) and of pentagonal cycles. This uses the Ptolemy-Teichmüller groupoid. Let Gr(PT ) be the graph introduced in Definition 4.5. There is an obvious forgetful cellular map p : Gr(PT ) → HT (Σ 0,∞ ), defined on the set of vertices by forgetting the distinguished circle. 
DC2
Figure 8: Cells (DC1) and (DC2) are subordinate to a rigid structure, which can be identified to the canonical one. Choose a lift of (DC) in Gr(PT ). This is a cycle, so we may express it as a product of conjugates of cycles of the presentation. We then project this product of cycles by p onto HT (Σ 0,∞ ): this re-gives the cycle (DC), expressed as a product of cycles of the subcomplex HT red (Σ 0,∞ ).
An auxiliary pants decomposition complex
Our main object will be a rather natural pants decomposition B-complex DP(Σ 0,∞ ), which is connected, simply connected and finite modulo B. It is easier to introduce first a more complicated complex DP(Σ 0,∞ ) containing the latter, to prove it is connected and simply connected, and then to prove the same result for DP(Σ 0,∞ ) by studying the inclusion DP(Σ 0,∞ ) ⊂ DP(Σ 0,∞ ). two ones by 2 and 3. The group G P is generated by the braid π 23 (P), the Dehn twists t 1 (P), t 2 (P) and t 3 (P), with a finite presentation. Thus, to each P, we attach a set of four moves, called the braiding moves, denoted by the symbols Π 23 (P), T 1 (P), T 2 (P) and T 3 (P).
A braiding move of one of the four preceding types on (p, S, r), supported on the pants P ⊂ Σ 0,∞ \ S, consists in changing only the rigid structure r on P by the corresponding generator of G P . 2. Triangles of P -moves: Suppose a P -move on (p, S, r) gives (p, S ′ , r ′ ) and is followed by another P -move on (p, S ′ , r ′ ), erasing seams of pairs of pants adjacent to S (thus, to S ′ ). The composite of the two P -moves is a P -move, and there results a triangle P P = P (see figure 10 ). figure 10 ). 
Squares of commutativity of P -moves with A-moves (see
a) For each pair of pants
P ⊂ Σ 0,∞ \ S subordinate to (p, S, r),
Squares of commutativity of
Br-moves with A-moves, and squares of commutativity of Brmoves with P -moves (see figure 11 ).
6. Triangles P −1 P = Br (see figure 11 ): A P -move erasing the rigid structure on a single pair of pants followed by a P −1 -move introducing a new rigid structure on the same pair of pants has the same effect as a Br-move. (Notice that they may be seen as degenerate squares of commutativity of P -moves with Br-moves). 
For any 2-cell X of C, its boundary ∂X can be lifted to a contractible loop of C.
Then M is connected, simply connected.
Proof. (of Proposition 5.4)
Let F : DP(Σ 0,∞ ) → HT red (Σ 0,∞ ) be the cellular map induced by the map (p, S, r) → p on the set of vertices, which forgets the rigid structure. The restriction of F on the 1-skeletons is indeed surjective on the vertices and edges. We have proved also that HT red (Σ 0,∞ ) is connected, simply connected. The squares of commutativity of A-moves with Let p be a 0-cell of HT red (Σ 0,∞ ), i.e. an asymptotically canonical pants decomposition of Σ 0,∞ . Then F −1 (p) is the subcomplex of DP(Σ 0,∞ ) with set of vertices (p, S, r), p fixed, and edges in correspondence with P -moves and Br-moves.
To study the connectivity of F −1 (p), we introduce a new forgetting map
where BS 3,7 (p) is a subcomplex of a simplicial complex BS(p) that we now define: Define the elementary n-simplices as the (n + 1)-uples (S 0 , . . . , S n ) with S 0 ≤ . . . ≤ S n and S n an elementary expansion of S 0 (so that each S j is an elementary expansion of
The set of all elementary simplices forms a simplicial subcomplex BS(p) of B(p).
Remark 5.6. The complexes BS(p) ⊂ B(p) are closely related to simplicial complexes introduced in the study of Thompson's group V , by K. Brown and M. Stein ([5]). The complex B(p) is contractible, being associated with a direct poset. It happens that BS(p) is also contractible: this can be proved by repeating word for word M. Stein's proof of the contractibility of the analogous bases complex of elementary simplices ([5]).
Denote by BS 3,n (p), n ≥ 3, the full subcomplex of BS(p) whose vertices are the supports S ⊂ p of level in {3, . . . , n}.
Lemma 5.7. For all n ≥ 5, BS 3,n (p) is contractible.
Proof. Since BS(p) is the ascending union of the subcomplexes BS 3,n (p), n ≥ 5, it suffices to prove that each inclusion BS 3,n (p) ⊂ BS 3,n+1 (p) is a homotopy equivalence. We pass from BS 3,n (p) to BS 3,n+1 (p) by considering each free support S of level n + 1, and attaching to BS 3,n (p) a cone on S over the link of S in BS 3,n (p). But the link is contractible in BS 3,n (p), since it can be contracted on the minimal vertex S ′ , obtained from S by erasing all its adjacent pairs of pants (this is possible because n ≥ 5).
In particular, the 2-skeletons sk 2 (BS 3,n (p)), n ≥ 5, are connected, simply connected. The forgetful map G :
) is induced by the map (p, S, r) → S. It follows from the above lemma that condition 1 of the standard lemma is satisfied by the restriction of G to the 1-skeletons. The preimage of a 0-cell is exactly the Cayley graph of ⊕ P pants ⊂Σ0,∞\S G P , so it is contractible in the full complex by construction. Condition 4 is satisfied, since G is surjective on the set of 2-cells. Finally the squares of commutativity of P -moves with Br-moves together with the triangles P −1 P = Br imply condition 3. This ends to prove that F −1 (p) is connected, simply connected, and completes the proof of Proposition 5.4.
5.3
The pants decomposition complex DP(Σ 0,∞ ) used for the presentation of B Proof. The last assertion is a direct application of K. Brown's theorem of presentation for groups acting on simply connected CW -complexes, when the stabilizers of the vertices are finitely presented, and the stabilizers of the edges finitely generated (which is the case here, cf. the next subsection). To prove the first assertion, we show that DP(Σ 0,∞ ) is obtained from DP(Σ 0,∞ ) by attaching countably many 2-spheres at each 0-cell of DP(Σ 0,∞ ). 1) Consider first a 2-cell ω a bounded by a cycle of the Cayley graph of G P , for some pair of pants P subordinate to a pair (p, S), cf. Definition 5.3, 4. a). Denote by (p, S, r i ) its vertices, i = 1, . . . , k, where the rigid structures r i only differ from each other on the pants P. We may find a sequence of P -moves and P −1 -moves P
n translating the support S to a supportS containing P (since l(S) ≥ l(P)). Thanks to the squares of commutativity P i Br = BrP i and the degenerate squares (or triangles) P i Br = P i , the initial cycle of Br-moves is replaced, P ±1 -move after P ±1 -move, by a conjugate cycle. The edge-paths of P ±1 -moves starting from the k different vertices (p, S, r i ) end at a same vertex (p,S,r) (sinceS contains the pants P on which the k rigid structures differed from each other). Thus, adding the 2-cell ω b to DP(Σ 0,∞ ) is homotopically equivalent to attaching 2-spheres at some vertices (p,S,r).
2) Consider now a 2-cell ω b bounded by a square cycle of commutativity between two Br-moves supported on two distinct pairs of pants P and P ′ (subordinate to the same (p, S), cf. Definition  5.3, 4. b) ). The four vertices of the square correspond to pairs (p, S, r i ), i = 1, . . . , 4, the pants decomposition p being fixed as well as the support S, but the rigid structure r i differing from each other only on P and/or P ′ . We may always find a pants decompositionp such that P and P ′ still belong top, and belong to a same supportS of level 5. Next, forget for a while the rigid structures r i , i = 1, . . . , 4, and consider the pants decompositions p andp in the Hatcher-Thurston complex of Σ 0,∞ . We may find a sequence of A-moves A 1 A 2 . . . A n connecting p top, leaving fixed the circles of the boundary components of P and P ′ : indeed, consider a finite subsurface between P and P ′ which connects one to each other, and use the connectedness of the Hatcher-Thurston complex of this subsurface. Since an A-move in DP(Σ 0,∞ ) is possible only inside a support devoid from rigid structures, we lift to DP(Σ 0,∞ ) the sequence of moves A 1 A 2 . . . A n into four edge paths starting from each (p, S, r i ), by inserting adequate P ±1 -moves between the A-moves of the sequence A 1 A 2 . . . A n . The four edge paths end at a same vertex (p,S,r), and we conclude as in 1), using the squares P Br = BrP and ABr = BrA.
3) Notice finally that each square P Br = BrP , ABr = BrA, participates to a 2-sphere obtained in 1) or 2), and thus can be eliminated with the cells ω a and ω b . Consider the full subcomplex DP 5 (Σ 0,∞ ) whose levels of vertices belong to {3, 4, 5}. We need to determine the links of the 2-cells of type (DC1) and (DC2) in DP 5 (Σ 0,∞ ): the link of a cell of type (DC1) (resp. (DC2)) is made up of countably many cycles C 1 (resp. C 2 ) of length 12 (resp. of length 20), all equivalent modulo B, cf. figure 15 (resp. cf. figure 16 ). or 7) are attached along similar triangular and pentagonal cycles of DP 5 (Σ 0,∞ ), via squares P A = AP ; the simplices P P = P also are attached along contractible cycles via other simplices P P = P . All squares P A = AP and simplices P P = P have been used in proceeding to the above attachments. In other words, the closure of DP(Σ 0,∞ ) \ DP 5 (Σ 0,∞ ) is homeomorphic to a union of closed 2-cells, all attached to DP + 5 (Σ 0,∞ ) along contractible cycles.
Set F of essential 2-cells: Notice first that the triangles of DP + 5 (Σ 0,∞ ) on supports of level 5 are conjugate, via P -edges, to triangles on supports of level 4. Further, replace the simplices P P = P by squares P P = P P involving two adjacent simplices (cf. figure 12 ). This does not change the homeomorphic type of DP Relation
Commutation PA=AP Commutation PP=PP Figure 14 : Relations associated with the cells P A = AP and P P = P P
The method: K. Brown's theorem for groups acting on simply connected complexes
Following the notations of [3] , let us denote by T r a tree of representatives of DP + 5 (Σ 0,∞ ) modulo B, with set of vertices V ert = {v 1 , v 2 , v 3 }, linked by P -edges as indicated on figure 17 . By choice, all representatives are subordinate to the canonical pants decomposition, and the canonical rigid structure. We have only represented the supports of the vertices, so that one has to imagine the canonical rigid structure outside each support. Each edge of DP −→ α(v 2 ) only can be inverted by the action of the group. We denote by σ − the cell underlying the oriented edge e − .
We denote by E + the set of edges of T r together with the edge v 3
. If e is an edge, denote by o(e) its origin, by t(e) its final vertex. For each e ∈ E + , denote by w e the unique vertex of T r equivalent to t(e) modulo B, and choose g e ∈ B such that t(e) = g e .w e : g e = 1 if e is an edge of T r, and g e = g if e is the edge v 3
). According to [3] , B is generated by the stabilizers of the vertices B vi , i = 1, 2, 3, the stabilizer B σ − =< α| α 4 = 1 > (cyclic, of order 4) of the cell σ − , the elements g e , e ∈ E + (thus, essentially the element g), subject to the following relations:
e i e (h)g e = c e (h) for any e ∈ E + , where i e is the inclusion B e ֒→ B o(e) and c e : B e → B w(e) is the conjugation morphism h → g −1 e hg e .
• Pres. (ii): i e − (h) = j e − (h) for h ∈ B e − , where i e − : B e − ֒→ B o(e − ) and j e − : B e − ֒→ B σ − are inclusions. g (0) g (1) g (2) g(3) g(4) • Pres. (iii): r τ = 1 for each essential 2-cell τ ∈ F, where r τ is a word in the generators of B vi , α and g, associated with the 2-cell τ in the way described in [3] .
Presentations of the stabilizers
Proposition 5.10. The stabilizer B v1 is generated by the rotation β, the braid π and the Dehn twist t, subject to the following relations:
Denote by α 2 the rotation which exchanges the adjacent pairs of pants of the support of v 2 , by π, t 1 , t 2 respectively the braid and the Dehn twists as above. The stabilizer B v2 is generated by α 2 , π, t 1 and t 2 subject to the following relations:
The stabilizer B v3 is generated by π β , which is the natural extension of the braid βπβ −1 of B v1 , by π α 2 which corresponds to the element α 2 πα 2 in B v2 , by the Dehn twists t 2 , t 3 , t 4 , subject to the following relations:
Proof. Writing the presentations of the stabilizers is more or less straightforward. We content ourselves to make some comments:
• Relation 5 in the presentation of B v1 = M(0, 3) is the fundamental braid relation.
• Relation 5 in the presentation of B v2 comes from two distinct ways to write the Dehn twist t along the central circle: t = π 2 t 1 t 2 and t −1 = α 2 π 2 α 2 t 3 t 4 .
• Relation 6 in the presentation of B v3 comes from the relation t 2 = (π β ) 2 tt 1 , which is a conjugate of relation 3 of B v1 , after expressing the relation in the allowed generators. It will be redundant in the presentation of the whole group B.
The relations
1. By the relations of type Pres. (i) applied to the edges e inside the tree T r, we immediately identify the generator π of B v1 with the generator of B v2 denoted in the same way, and the generators t 1 , t 2 denoted in the same way in the presentations of the three stabilizers.
By the relation of type Pres. (ii)
, the generator denoted α 2 in B v2 is identified with α 2 = α.α in B v1 . 4. For each of the 6 essential cells, we compute an associated relation:
By the relation of type Pres. (i) applied to the edge
(a) Cell P P = P P : it gives the relation π β = β −1 πβ in B.
(b) Cell P A = AP : its associated relation identifies the word g −1 α −1 π −1 on the generators α, π and g, with the element of βπ −1 of the stabilizer B v3 . As can be guessed, this will give the relation g = (βα) −1 , but this is more tricky than it seems (this uses the previous relation together with relations of type Pres. (i)). 6 Sketch of the approach using global moves
One relates the Hatcher-Thurston pants decomposition complex to the 2-complex associated to the presentation of B. Proof. Remark that it exists a cellular map f : B(Σ 0,∞ ) → HT (Σ 0,∞ ) which forgets about the seams. In order to prove the claim we add a number of new 2-cells to B(Σ 0,∞ ) in order to be able to show that it is simply connected while f has an obvious extension still cellular. We obtain this way a 2-complex C(Σ 0,∞ ) and then show that the inclusion map B(Σ 0,∞ ) → C(Σ 0,∞ ) is 1-connected, which yields our claim.
Definition 6.2. The support of a rigid structure is the smallest admissible subsurface outside of which the rigid structure coincides with the canonical one.
One wants to prove that the newly built-up complex C(Σ 0,∞ ) is simply connected by using the criterion of lemma 5.5. The way we intend to change B(Σ 0,∞ ) is to make this lemma work. Let us analyze first the preimage f −1 (ξ) of a 0-cell ξ (which is a pants decomposition). The subcomplex generated by the rigid structures in f −1 (ξ) whose support is contained in a subsurface S will be denoted by f −1 (ξ). We have then a filtration f −1 (ξ)[S n ] of f −1 (ξ) by taking an ascending sequence of supports S n . Then it suffices to prove that f Proof. This is equivalent to saying that the Cayley graph of M(0, 3) N is connected and simply connected. • If γ ′ is another element sending S 0 into S then the two definitions using γ and γ ′ give the same result. This is the same to ask that the stabilizer of a tripod in T (or of a pair of pants if T is identified as a subgroup in B) acts trivially at M(0, 3) level. Proof. Remark that the image of B(Σ 0,∞ ) in HT (Σ 0,∞ ) is actually contained in HT red (Σ 0,∞ ). We already observed that we have a cellular surjection Gr(PT ) → HT red (Σ 0,∞ ). We will push the natural action of T on Gr(PT ) to HT red (Σ 0,∞ ). The action of the group T is transitive on finite families of pants. This means that for any two families of disjoint pair of pants there exists an element of T sending one into another. Let us explain this for families consisting of two pairs of pants each. We identify T with the group of piecewise linear homeomorphisms on dyadic intervals of S 1 = R/Z (see [10] ). The vertices of the binary infinite tree are labeled by dyadic intervals. A pair of pants corresponds to the neighborhood of a vertex in the tree, hence is codified by the dyadic interval associated to the this vertex. Now let [a 1 , a 2 ], [b 1 , b 2 ] be two dyadic intervals. We claim that there exists an element ϕ ∈ T such that the two intervals are mapped into standard intervals respecting the order of the extremities:
The claim follows by using iteratively the result of proposition 2.1 from [10] Next observe that the minimum number of holes required to realize the pants codified by the right hand side intervals is precisely 6. The same is therefore true for the push action on HT red (Σ 0,∞ ).
We have to count now the relations we get this way and localize them among those stated in the theorem 3.2:
• The presentation of M(0, 3) which corresponds to 1.
• The commutation relation are contained in 4.
• The consistency conditions are in 4. and 5.
• The lifts of the 2-cells are in 2.a, 3. and 6. 
Remark 7.3. A finite presentation for B and B 1/2 can be obtained by replacing the generator t by t 1 2 , and keeping track of this on all relations involved.
An extension of V by an infinite quasi-braid group
Denote by M C (0, n) the moduli space of n-pointed Riemann spheres:
, where ∆ is the thick diagonal of (CP 1 ) n . The fundamental group of M C (0, n) is related to the pure mapping class group K * (0, n) in the following way: if Σ 0,n is a compact subsurface of level n of Σ 0,∞ , then collapsing its n boundary components to punctures induces a short exact sequence 1 → Z n → K * (0, n) → K(0, n) → 1, where K(0, n) is the pure mapping class group of the npunctured sphere. Then π 1 (M C (0, n)) = K(0, n). The moduli space M C (0, n) has a well-known compactification, the Grothendieck-Knudsen compactification M C (0, n), which is the moduli space of stable n-pointed curves of genus zero. This space is connected and simply-connected. However, the real part M R (0, n) is connected (contrarily to M R (0, n)), but not simply-connected. In [7] , the authors prove that M R (0, n) is an aspherical space. We call the fundamental group Q n = π 1 (M R (0, n)) the pure quasi-braid group of level n. In [16] , we proved that V acts on a direct limit of spaces M R (0, n), the tower M R (0, ∞) = lim n→∞ M R (0, 3.2 n ), and by lifting the action of V to the universal cover of the tower, we obtained
where Q ∞ is the fundamental group of the tower, or direct limit of groups Q 3.2 n .
There is an obvious analogy between this extension and the main extension of this article, namely 1 → K * 0,∞ → B → V → 1. It seems, however, that one cannot relate them in an explicit way.
The free universal mapping class group
We wish to construct now a universal mapping class group, containing uniformly all mapping class groups M(Σ g,n ). As stated it seems impossible to get a simple construction, but if one relaxes slightly our requirements there exists a construction parallel to the genus zero case. We will ask that the universal mapping class group M contain uniformly all mapping class groups M(Σ g,n ) for all n, g with n ≥ g. We will call it the free universal mapping class group. • There exists an admissible subsurface Σ g,n ⊂ Σ ∞,∞ such that ϕ(Σ g,n ) is also admissible.
• The complement Σ ∞,∞ − Σ g,n is an union of n infinite surfaces. Then the restriction ϕ : One can construct a model for all mapping class groups of surfaces Σ g,n with g − N ≤ n, for given constant N , by using a surface of genus N + 1 instead of a torus. Analogous results could be stated in this setting.
Remark 8.4. Any mapping class group M(g, n) = M(Σ g,n ) is the quotient of a subgroup of a M. Geometrically it corresponds to connect in pairs some boundary components of an admissible surface. If t 1 and t 2 are the Dehn twists along two boundary components which are connected by a cylinder this geometric operations has as effect to kill the normalizer of t 1 t
−1
2 in the corresponding mapping class group (see [21] ). The universal mapping class group we defined is the freest possible in the sense that it has minimal number of non-trivial relations among its elements. Proposition 8.5. Set P M for the inductive limit of the pure mapping class groups of admissible subsurfaces of Σ ∞,∞ . We have then the following exact sequences:
Moreover this extension splits over the Thompson group T ⊂ V .
Proof. Let us define the projection M → V . Consider ϕ ∈ M and let Σ g,n be the support of ϕ, which we suppose is large enough to contain the pair of pants S 0 . Then λ(Σ g,n ) and λ(ϕ(Σ g,n )) are rooted trees (the root is corresponding to S 0 ) of the same level. Furthermore ϕ induces a bijection between their leaves, codified in a permutation σ(ϕ). The image of ϕ in V is the class of this triple (λ(ϕ(Σ 1 0,n )), λ(Σ 1 0,n ), σ(ϕ)) in V . The kernel is the subgroup of homeomorphisms fixing the trees and the permutation, hence the inverse limit of the pure mapping classes. Proof. Recall first the theorem of stability, due to J. Harer, cf. [12] : Let R be a connected subsurface of genus g R of a connected compact surface S with at least one boundary component. Then the map H n (P M R , Z) → H n (P M S , Z) induced by the natural morphism P M R → P M S is an isomorphism if g R ≥ 2n + 1. The pure mapping class group P M is the inductive limit of the pure mapping class groups P M R , for all the compact subsurfaces R ⊂ Σ ∞,∞ . It follows that H n (P M, Q) = lim Remark 9.2. It's worthy to note that we have two types of Dehn twists: those along separating curves (conjugate to t) and those along curves which do not separate (conjugate to t S ). A presentation of M can be obtained by consider the generators: t, π, β, α, S, t S and the following type of relations (using the global approach of section 6):
1. Relations at the level of the pair of pants, as in the case of B.
2. Relations on 1-holed torus (the S-triangle).
3.
Relations at the level of a 2-holed torus.
4. Relations coming from the triangle singularities.
5. Relations coming from permutations.
6. Relations coming from M(0, 3) commutativity.
7. Consistency relations.
8. Relations coming from the S, t S and M(0, 3) commutativity.
9. Lifts of relations in T .
The relations are organized in the same way as those of B and their finiteness follows from arguments similar to those in section 6.
Remark 9.3. It would be interesting to find whether the genus zero tower of mapping class groups determines the higher genus tower. This is the case in most applications, e.g. when dealing with the GT group.
There exists another Dehn-twist playing the same role as t S , namely t * S = S −1 t S S. Then t S and t * S are the usual braid generators of SL(2, Z) i.e. t S t * S t S = t * S t S t * S holds. Remark 10.1. M + is also finitely generated. In fact it is generated by α, β, π together with the generators considered by Suzuki (see [25] ) for a handlebody of genus 3. 
, where ρ 0 (x) ∈ U (Cw ⊕ H supp(x) ).
Here Cw can be interpreted as the 1-dimensional vector space associated to the empty admissible surface, H ∅ . Moreover for all non-trivial disjoint supports S ∩ S ′ = ∅ the associated subspaces H S and H S ′ are orthogonal, i.e. < H S , H S ′ >= 0. Proof. This is an immediate application of the Reidemeister-Singer theorem.
Remark 10.3. One might expect a connection between the highest weight representations of M and those of the Virasoro algebra. In particular for both of them the existence of non-trivial representations would lead to the consideration of projective representations.
